Abstract Casimir W-algebras are shown to be exist in such a way that the conformal spins of primary (generating) fields coincide with the orders of independent Casimir operators. We show here that this coincidence can be extended further to the case that these generating fields have the same eigenvalues with the Casimir operators. 
Introduction
Conformal invariance is of fundamental importance in two-dimensional field theories and hence it founds remarkable applications in string theory [1] and in the study of critical phenomena in statistical physics [2] , as well as in mathematics [3] . Its underlying symmetry algebra is Virasoro algebra which appears naturally in two-dimensional field theories. The idea to extend Virasoro algebra with the introduction of higher conformal spin generators is also seem to be relevant in these theories. A seminal type of these extensions is the so-called W N -algebras and Virasoro algebra is a W 2 -algebra within this framework. W 3 is, except superconformal algebras, one of the first non-trivial extensions of W 2 and it was constructed first by Zamolodchikov [4, 5] . There are several works dealing with the classification and also the construction of this type of algebras [6] [7] [8] [9] [10] . To this end, a difficulty is the fact that, except W 2 , all the extended ones are non-linear algebras. This poses great complications in explicit constructions of W N -algebras. One must emphasize here that very little is known beyond W 3 . There are, on the other hand, some recent efforts to bring out a relation between these algebras and Casimir algebras [11, 12] . The idea is principally based on the Sugawara construction of W 2 -algebra [13] . The purpose of our work is to establish a method in this direction. For this, we made use of construction known as Miura transformation [14] [15] [16] [17] [18] [19] with Feigin-Fuchs type of free massless scalar fields. It is seen that this gives us the possibility to exploit a relation between W N -algebras and A N −1 -Lie algebras. This brings us to the fact that one can define spin-2,3,4 primary fields of W 4 -algebra [20] and also spin-5 primary field in such a way that their eigenvalues are in one to one correspondence with 2,3,4 and 5 order Casimir operator of A N −1 Lie algebras [21] .
A definition of Casimir W-Algebras is given definitively in [20] and also a relation is tried to be given with the eigenvalues of Casimir operators in section 6 of the same paper, in examples only for second and also third order Casimir operators. The studies for these orders are also given in [19] . We tried to extend these studies beyond third orders by calculating explicitly the eigenvalues of the generating fields and also the Casimir operators.
The paper is organized as follows. In section 2, we constructed W 4 -algebra by utilizing a construction known as Miura transformation with Feigin-Fuchs type of free massless scalar fields. In section 3, we show our way of computing the eigenvalue spectrum of W N -algebras on highest weight states of Fock space of A N −1 Lie algebras. In section 4, we obtain a relation between the eigenvalue spectrum of W 4 -algebra by adding pure spin-5 conformal field and related order Casimir eigenvalues for irreducible representations of A N −1 Lie algebras. In appendix-A we give an explicit form for our pure spin-5 conformal field. All these have been possible with a dense application of Mathematica Package program [22].
The (quantum) Miura Transformation and W N -Algebras
The W N -algebra is generated by a set of chiral currents {U k (z)} , of conformal dimension k (k = 1, · · · , N ). Let us define a differential operator R N (z) of degree N [19] 
where ∇ j ≡ α 0 ∂ z − h j (z) and the symbol :: shows the normal ordering of the fields ϕ(z). Here ϕ(z) is an N − 1 component Feigin Fuchs-type of free massless scalar fields . This transformation is called the (quantum) Miura transformation and it determines completely the fields {U k (z)} with
Here, µ i 's, (i = 1, · · · , N ) are the weights of the fundamental representation of SU (N ), satisfying and these commutator relations are equivalent to the contraction
(2.5)
By using single contraction ∂ϕ(z)∂ϕ(w), a contraction of h j (z) with itself is given by [16] 
The fields {U k (z)} can be obtained by expanding R N (z). We present a first few one as in the following
One can see that U 2 (z) ≡ T (z) has spin-2, which is called the stress-energy tensor, U k (z) has spin-k. The standard OPE of T (z) with itself is
where the central charge, for SU (N ), is given by
A primary field φ h (z) with conformal spin-h must provide the following OPE with T (z)
Therefore the fields {U k (z)} are not primary because
Using above OPE, we want to construct W 4 -algebra. Therefore we must obtain spin-3 and spin-4 primary fields. Here we first write down the spin-3 primary field for SU (N ) as
and the spin-4 primary field as
To obtain OPE of the two primary fields {U k (z)} and {U k ′ (z)} which gives the central terms in the known form, we must take care of the normalized forms of all the primary fields {U k (z)}. Therefore the normalized form of the W 4 -algebra generators are given by the following expressions
where θ W and θ L are the normalization factors for SU (4) and their explicit form are given
, θ L = (114 + 7c)(c + 7)(c + 2) 300(22 + 5c) (2.15)
respectively. These results are being in line with those of ref. [9, 20] . On the other hand, we must emphasize here that the stress-energy tensor T (z) is not given in the normalized form. A straightforward calculation gives us the first non-trivial OPE of W (z) with itself for SU (4)
(114 + 7c)(c + 2) (c + 7)(22 + 5c) (2.17)
Previously, we have written the normalization factor θ W for SU (4) in equation (2.15) . In addition to this, after some calculations it is also possible to write θ W for SU (N ) in general form
The second non-trivial OPE of W (z) with L(w) takes the form
where
Finally, the last non-trivial OPE of L(z) with itself takes the form
, ρ
112(7c+114)(5c+22)(c+2) (2.22) These are also the same as in ref. [9] .
The Eigenvalue Spectrum of W N -Algebras
We denote the Fock space of a free massless scalar field h j (z) = i µ j ∂ϕ(z) in (2.2) . . . The eigenvalues {U k (Λ)} of the zero mode of {U k (z)} on the highest weight states of Fock space F Λ : are given by [19] U k (Λ) = (−1)
We give a general definition to the Θ (n1,n2,...,n k ) ,
Therefore, we give the results k = 2, 3, 4 and 5 respectively
and
After some calculations it can be shown that the eigenvalues of the primary fields are
, spin-4 U 4 (z) and spin-5 U 5 (z). As an example, the eigenvalue of primary field spin-5 U 5 (z) is calculated in appendix-A. Finally, we now write down all the eigenvalues of the primary fields in the following form: and In this section, we will try to establish a relation between Casimir eigenvalues of A N −1 Lie algebras and the eigenvalues of zero modes of generating fields. Let Λ be a dominant weight for A N −1 Lie algebra. For an irreducible representation Rep[Λ], the eigenvalues of a Casimir operator of order N are given in ref. [21] as in the following form
where the polinomial P N [Rep [Λ] ] is a N order polinomial of θ i (i = 1, 2, ..., N ). In the following we will give explicit expression of the eigenvalues for the Casimir operators
with some arbitrary constants α i and β i
Finally, we will show that there is a relation between the eigenvalues of the primary fields and 
